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ABSTRACT

The primary objective of this study is to derive a math-
ematical model to predict the detectiorn probarility of a
target which noves randomly, according to a two-dimensionai
diffusion model. This model assumes that there is a
stationary searcher which has a "cookie-cutter" sersor with
radius R. In order to construct this model, 21 Monte Carlo
sinulation program is used to generate detection probatili-
ties. It is demonstrated that this model can be usel
asymptotically to predict an upper bound Jetection prob-
ability of an "egquivalent" random tour target.
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I. DESCRIPTION OF THE DIEFFUSION MODEL

A. INTRODUCTION

The main objective of this thesis is to £irnl and test anx
experimental nathematical model whicn predicts the jzron-
apitiity of detecting a two-dimensional tacget L7 a
staticnary searcher. This model will be shown td> frovide an
upper bound for the probatility of detection Ly a stationary

searcher of a target conducting 4 "raadom twous" [ Ref. 1]

B. DESCHEIPTION OF DIFFUSION MODEL

1. Le Searcier location

[I]

The searcher is assumed to be located in the center
of a syuare search region of area A. This location is hLeld
fixed during the search period. The searcher has a detec-
tion capability over a disk of radius k. The cetection
probability of a target inside of this disk is 1 aad outside
is 0. The searcher thus has a "cookie— cutter" sersor with

detection range E. [hef. 2]

2. The Target Starting Position

The target's startiny position 1is uniforaly

distributed over the syuare search regjioa A.

3. Motion of the Targzst

o
1w

Irn our diflusion model, the target amoves randomly
over the area A4 as a diffusing pacticle whick reflects of”f
tr.e area boundaries. The 3iffusion zconstant is 9, which has
dimensions of area per upit of tiae, In any time intervail

of length At that does not contain a boundary reflection,

0
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components of the target's position on the X and Y axes
suffer increments which are indeperndent 07 31l rfprevious
increuents anl which are eacn distributed normally with mean
0 arnd variance DAt.

Stiil 1igroring toundary effccts, the diZfusiorn
assumgrticn results irn the tarjet's locatiorn at time t having
a circuiar bivariate norzal probarility distribution with
mean of the starting position and variance of Dt.

Thus the prokacility density of the tacget's loca-

tion at time t is

I (X u)1+(y U)1
£ — ——— . . “ e
f£(x,¥y,t)= 27T Dt exp 7Dt (1.1)

where (Uy,Uy) 1is the target's starting position. Adding
the effects of boundary reflectior sijaificantly complicates
the calculation of £(x,y,t) ard leads to the necessity of

using simulation to attack tanls problen.

4. Detection

Detection occurs whenever the target enters the

searcher circular detection disk which has a radius 3.

C. DIFFUSICN SIMULATION MODEL (DIFSIMN)

A Monte Carlo sipulation computer model (DIFSIM) is used
to genarate detection probabilities for this Jdiffusion
model, This projram is written in FORIKAN and designed for
use at the Naval Postgraduate School(NPGS). It uses the new
version of the NP3S Random Number Genarator Package, called
LLRANDOMII in orier to generate Jnriform and ¥ormal random
nuabers.

19
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1. Inputs
e Area size, A, in square nautical miles.

s Diffusion constant, D, 1in syuare nautical miles ger

hour.
e Padius of detection 1isk, E, in nautical milss.
e Numter of replications.
e Detection period as an hLour.

e Time increment, At, for each liscrete step in zminutes.

Thke 1nitial target position is selected Irow a
bivariate unifora distribution over the search regiorn 4.
Subsequent target positions are determined by a discrete
approximatior orf the diffusion. #e make the following defi-

nitions,

Z=x component of carrert location

Y=y component of current location

£'=x component of new location at the enid
of time increnent 4t

I'=y component of new location at the end

of time increment At
Then,
x'=x+ 6, (Dat)'2
Y'=Y+E%(Ddtﬂh

where Qland Q,are drawn inderendently froa a standard rnormal
distribution.
In this mwodel a 5 minute 4t is used. Different time

increwments, varying from 1 ainute ap to 15 ainutes, Lave

m

T ——y




been tested and ¢ minutes has been accepted as 13 good value.
For smaller time incremernts the simulation projram took too
lony in coumputer execution tiae. As shown 1n Figure 1.1
there is no significarnt diifererce in probapnility curves

tetween 5 minute increments and smaller time incremeats.
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Wher the target encounters a pourcary, 1 reilect.iow
is made to kzep the target insile tne search area. The

tarjet's Y' cosition after a reflection is giver as follows:

Y'< 0 => Y' becomes =-Y!

Y'> a => Y' kecomes 2a-1"

where a is the length of a side oI tae sguare seazch area A.
The target reflects ir the X direction in 4 sizii.ar manner.

Cetectior. occurs whenever the target enters thLe
éetection disk. This event can be deiired analytically as
foilows:

(X__O_) 2 & (y-..a.) 2< R2
2 27 -

3. cutput

For each time t, the simulation output is tae ratio

No/N, where
No=number of replications jiviny a detection by time t,
NT=total number of tionte Carlo Replications used in the

simulation.

14
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II. CCERECTION BEIWEEN RANDO!

A. DESCERIPTION OF RANDOM TOOE MODEL

In the random tour modal considered here, the target is
assumed to move at a constant spead and to make course
ctanges at randon tinmes. Each new course is drawn Zror
unizform distribution on [0,217]. The lengths >f the time
betweer course caanges is exponentially distributed with
meaan 1/A.

An analytic 2xpression for the probability density of
the target's positicn after a random tour of length t was
derived in [Ref. 1] Given the tarjet's initial position at
the origin of a two-dimensional c¢oordinate systen, this
expressicn is

g(x,7,t) ='2TT1‘<W)’ \./%Fexp (Ae-/TP) rexs® [Sig-1)| 2. 1)

where
V=target speed (nautical mile iu per Lour)
N=course change rate (hrs )
t=time (hrs)

The Dirac S_function component ﬁf J(x,y,t) arises lron
the fact that with probability e the tarjyat does not
finish the first step by time t. In other words, the target
makes no course change through time t. Therefor2, its prob-
akility mass 1is concentrated on the boundary 2f a Jdisk of
radius vt and centered at the oriyin.

-
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B. CCrKECTIOK SBETWELELN EAUDON TOU0ER AND DIFFUSIOL KQLEILS ]
1

‘ Tet T odenote Lhe rallco snIe af e S S .
. - 4
‘ vriyin at time t. Thern
g 1
A

Fe=3x2+ Y2

fu

The expression for L[R2] <for the rindom tour £odel W

4]

’

AR
Ad a2 s

- .

derived in [Ref. 3] as IZollovws:

E£32]=/f(x2+y2) g(x,y.,t) 3xdy (2.2)

0<xe+y2< (vt) 2

Substituting (2. 1) into (2.2) ard trawsformin; o polar

coordinates, we obtain

ar

6-—r=— - 1f+ ‘-:)\__E—‘—_exp 2t /l— Ly drd- '
vt \/’l—(,r 2 V vt :
t .
Setting x=r/vt, we have
i

E[R?] b wve)2 «3 4 s(x-1)

° o
-
exp l~-x2 dx B
] 2
Vt 1

3
(v:;)2 1+x:/ X exp .Xt/l-xz) dx  (2.3)

(0] 1
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-, sorforr tlo intogioricn dn (2.3), 40 ot ows 1-:% . T
Lo VLo
1
x3
it exniat|l-x dx
1-x4
0 i
=it f(l—uz) exp( }‘tu) du
0 At
___e\t -1 - 1 y &Y dv
(rt)?
(o]
At
S 280 e -1+ e?YH -1 (2.4)
(rt)?

Fron (2.2) ard (2.4) we then have

y2 At

E[R?] = 2 —(2t - 1 + e M)
)\2
_2vze . 1-eTf
A At (2.5)

In the calculation of E{R2] for diffusion amodel with
dif{usior constant D, the tar.et's dinitial position 1is
assused to te at the origin of a two-dimersional coordinate

system. ¥e have

E{R2]=E[K2+Y¥2 J=E[X2 #FE[Y¥2] (2.6)

18
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Since X and Y are indepeadent ard uncorrelated, they Lave

nornal margiral distributiors. So,
X~1i (0,0t)
Y~N(0,Dt)
and
E[{ ¥2]=Var[ X} (E[X]) 2=Dt+0=Dt
E[12]=vVar[ ¥ J* (E{¥])2=Dt+0=Dt
If we substitute these E[X2] and E Y2 ] values into (2.6), we
get
E(R2]=E[ {2 J+E[ Y2 ]=Dt+D t=2Dt (2.7

As described ir [Rei. 3] Zor tae random tour model, as t
goes to 1infinity the Central Limit Theorem rejuires that
g(x,y,t) becomes asymptotically circular bivariate norca.
with mean p =) and variance g2=Vt/A. This result <can be
obtained by using the <formula (2.5 and letting t go to
infinity.

at 2

. z -
lin E[ R2]=Lin 2\/?\6 (1—- "'hf )= 2%\* (2.6)
t-=>00  t--> oo

By compariny the equations (2.7) and (2.8), it is seen
that as t becomes larye, a randon tour can be approxiazated

Ly a diffusion with diffusion constant

(2. 9)

To examine the relationship between a raniom tour and
its “'"equivalznt” Jdiffusion, two simulations were used.

Examnple results of these two simuiation programs, DIFSIM and

19
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FaSS are displayed in Fijure 2.1. 32th projraans are Mowte
Carlo search simulations. For PaASS (Passive Acoustic
Subrarine Simulation), [Ref. 4] the taryet motion model is a
random tour. In DITSIM (Diffusion Simulation), the target
moves as a diffusinyg particle. In both cases, tre searcier
is stationary at tae ceater of a 100 ra x 107 nn seaich
area and Las a cookie_catter sensor with detection range
15nm. The target —reflects orf the area bourdaries. The
initial targst position was selected uniformly over the
search area, and each replication of the simulatiorn was
azlowed to continue until the tarjet wmoved withkin distaunce
15 rm of the searcher.

To yenerate the results shown in Figure 2.1', the
foilowing 5 different pairs of A and V are used as a rate of
course change and spreed of target in tke PAS3 siaulatioxn

model.

v 5.0\ [10.0 15.0 \ (20.0 25.0 Ln/hr
A 0.25/, \ 1.0/ , \2.25/,\ 4.3/ .\ 0.25 1/nr

1o}

If we use equation (2.9), we may jet an "egquivalent" diffu-
sion constant 10J) nm2/hr, Ly using each ditferent (A,V)
pair. Thus 100 nm2/hr is used as 3 diffusion constant in
tiie DIFSIM in order to get an "eyuivalent" diffusion amodel.
As deuonstrated, detection probabilities ar2 asymptoti-
cally very close to each other as t increases. But duriny
the early search hours, detection probapilities for a diifu-~
sion model are higher than the probabilities wkich are

generated by the random tour model.
If we recall the the equations (2.5) and (2.8) we will
see that

2Vt ]

E[ R2]<-S-1-=-=2Lt ]

20
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Thus the approximation o E[{R2] Zfor the randor tour

model ©y using the dizZfusion @model 3ilways lzads to ar

QVIRESIIMATE of E[R2).

Ir the diffusion model we may; expect that the tarjet
will move a Jreater distance frou tne origin taan does the
target in the "eguivalernt" random tour modei. It is there-
fore reasonable to expect that the Jdifrfusing tarcjet will
encounter a stationary searcher zmorce guickiy tharn will . a
target conducting an "eguivalent" random tour. IThis conjec-
ture has been supported Ly further siamulation testing; also
supported is the fact that the two processes ara asymptoti-
caily identical.

An experimerntal analytical modeli will be constructed for
the diffusicn model in the next section.
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IIY. ESTHRBLISHMENT OF THE ANALYTICAL MCDEL
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In this cuapter,and with sigulition results {rom DITSIY,

experimentil aralytical =nodel willi be cornstructed for

relicting the probalbility of a diffusion tarjet entering 1
] d =

stationary disk by scme time t.

A.

ASSUMPTIONS

The fcllowiny assumptions are used in our model

B.

eThe searcher is fixed at the center of a szuare search

region of area A.

eThe searcher has a detection capability over a disk of
radius E with a detectiorn probability of 1 within the

disk and J outside. (i.e, a cookie-cutter Jetector).

eThe target's starting position is uniformly distrikited

over a search region A.

eThe target moves randomly over the area A as a dirffusion

particle with diffusion constant D.
eThe target reflects off the area toundaries.

ei target can be detected only once by the seiccher

CLASSIFICATION OF THE VARIABLES
The variables in our model are,
eFirst detection probability, P.
eScarch area, A (nm2).
eSearcher detection disk radius, & (an).

eTargyet 1iffusicrn constant, D (nm2/hr).
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‘ eTine, t (hr}.

E The first detection rrobability, P, 1is the dep2ndent vari-
l arle. 7The renzaining variables a,k,D and t arz 1adependernt. -

That is.

2= I£(A,R,D,t)

C. CCHNSIRUCTION OF THE MODEL ’

figure 3.1 shows four piots of the propaoility of a
target detection by time t as estimated by the Hornte Carlo
' simulation DIFSIH. If we look at these cuarvss, W2
ofserve that 311l of them have an increasing tcznd

th

agproach 1 asymptotically. It alsd appears as if

P

-

3
derivative nust b2 negative everywhere. Fijure 3.2 plots
minus the same data cn a 1log scale. The fact tuat these
plots are very nsarly linear suygests the zZollowiny farc-
tional form P{(t).

p(t)=1-oxe Pt (3. 1)

where o and g are determined by tne problem parameters §,4a
ani D. After conducting 23 separate sirmulations with
differeht values 5f R,A and D, the author is coanvinced tiaat

the form of P(t) is approximateiy exponential. This thesis

attenpts to establish values of « anl p, as function of E,A

, and D, tc ailow ejuation (3.1) to be a reasonabls estimate.
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{ 1. Subrolel for ok

——— e = me -

In our model, we krow that the target startirny posi-
tion is uniformly distribtuted over the searcnh area a, and
the searcher has a detection <capability over 3 disk walcCh
covers an area fYP2 with probabilt; 1. So, W2 may exipect
that at the ba2ginning of the search, i.e., when t=0, Jetec-
{ tion prolkakiiity will be ejual to TTR2/A.

i I we subsititute t=0 in ejuatior (3.1, we get.

P(J)= 1-x
i; Then
TR _
X =

which implies that

E(t=0)= 1- (3.2)

&= fm—— (3.3)

2. Submodel for B

This submodel will include all independ=at variakles
R,0,A ard t, and will therefore be more coaplex. Ae will
study each irndependent variable separately in order to
simplify the problem (W= will chanje one variakle while
holding the others Iixzed.) The relationship bztween p anl
these variables will be estimated. Evertually we will

coabine these submodels for a final sibmodel.

a. The Relationship Between DitZusinjy Constant O
and B

For this case, area size A and railius B8 wera
held fixed at 10000 nm2 10 nm. respectively. Diffusion
constant D was varied between 20 nm2/ar and 30) nm2/ar Ihe

simula ticn results are displayed in Figures 3.2,

27
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By usiny the least sgyuares estimatiorn method on
In{ 1-P(t) ] data values, 1 best fit B was obtained for cach
diffusion constant D.

These P values are plotted against the corre-
sponding D values in Figure 3.4. They fall approximately on

a straight line. Again, Dy usinjy the least sjuare estiza-
tion method, the follewiny linear eguition was ouvtaineld
B =0.00303+0.000205 D (3.4)
i p::o.ooozos o
4
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E. The Relationship Between Area Size A and '3

This time the 1iffusion constarnt D a1d detection
radius R were held at 100 nm2/hr and 10 =nm r2spectively.
The area size A was varied between 1000nm2 and 20300 rnm2.
The siamulation results and the lesast sguare estimation
results for the log transformed data values ared isplayel in
Figure 3.5 and and Table II .

Tigure 3.6 shows a plot of the best fit ]
against area size A. These points fit very closely with the
power function

ﬁ =0.77A-1.49

(A least squares procedure on the log transforaed data was
used to determine the values 0.77 and -1.49). To achieve
more natural final units, the model is modified slightly as

follows:

B =0.77a-1s (3.5)
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Cc. The Relationship Between Detection Radius K ani

B

 J
Ajain, the same procedures were applied for this
case. K was varied between 1 and 30 nm, while D and A were
held fixed at 100 nm2/hr and10000 na2 respectively.
The simulation results and least sjilare estinma- o
tion results are displayed in Figure 3.7 and Table III. 1In
Figure 3.8, the scatter plot of estimated ;3 val ues shows a
linear relationship between R and g.
least square estimation for this lin2 is o
P =-0.00125+0.00278R (3.6)
2 0.00278R
L
o
®
o
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We canh supmmarize tanese opservations is roilows:

aos D o

ﬁo- A-1s
R F

where "a" means "is propgortional to" waich sujgasts that ®

RD
p=K——_~A"$ (3.7)
[

for the rroyer value of X. 7To estimate K is the IZinal rodel

building step.

| d. Estimpaticn of the Coerficient K

W=z can calculate the K valae for each sigulation

with the exyrression

vy

i B Al.s . . N
““RD @-9 '

L

where P is the "best fit" value for taat similatiorn run. '
Then with these sample ¥« values we may find best overall o
estimate.

In addition to 56 simulations already completed,
25 additional simulations were coaducted to produce a total
of 81 sample K values. The histogyram and the statistical o

D v~ i S oE S AR SR AeRdr . aiclat g )

table values for this data are displayed in Figare 3.9.

40

TYOTrTY

P
o

ST TP O S T A e TR S P P S i . S TS SRS St Ay
*‘1'.-'_"4_‘".4'4“-";' N N AT T AP AP UG L P T P MWL L T L WL I UL T TR AT Wl Sl AT S Wl S WA A Yl YhAT WA S G S ¥




——y

Ty

4
*y JO sanyep POAIDSqO 6°¢c 2anbtd X
T - - e T A T e —— - ’IJ L
-
: P
w 3 40 3NTVA |
[ ° "
| ]
| i
c K
s T "

. w
s & ‘XY™ X w
12 U0 L0 7 'NIm X 3 4
ez TNNBROL-CE o =
L TN INORGI-CL }
8 14 NY I @OA [ % N
8L FINOU3d-ET 0 K
o1z JNINIDBS i M_ -

oC1'0 ¢ SISOLD

0170 SS3AS =
€471 ¢ NOILYIAZG “QuS 15 & .
L NYGA X z A
18 ! SINIGT] 30 “ON . X ¥
¥ 30 IMIVA ¢ RER AN X
Y NOILD313S | ) ]
b I X ‘o -
S3NTVA % ¥03 NYHOOLSIH " “
‘ K
i 4
m
__ R
U. - i) .,..
...f..
.”(.“




T

————

T

If we recall the ciuation (S,71), (s.3) «:id (Z.7)
P(t) = 1 - ¢ -
4 = 1 - _TR*
A
: - g _RD__.
AL

Substituting these o« and B values in eguation
(3.1), we derived our final analytical mnmodel for first

detectiou probabilities as follows

RD
7R? -k ———t
P(t) = 1 - (1 - A ) e AlS (3.9)
vih.ere P (t) refers to th2 probavility of first Jetection
0OCCurs oL or belore tice t.
D. VERIFICATICH OF THE NMODEL
1. Dimension Analysis
from eguation (3.9) we see that
AI.S
rust Le dirmernsionless. This icplies that the coefficient K
cust be dicensionless. (If we had set the power of & to

1.4¢ versus 1.5, then the dinension of K would te nm%2, qot

a natural arit.)
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If we hold fixed all independent variables E,D,t and
change the area size 3, we wi1ll observe that a5 we increase
the A, the probability 52f Jetection decreasss and vice
versa. This result is demonstrated in Figure 3.10. As we
increase the size of the search areca, more area wiil ke
available for the target to escape zfrom tha searcher.
Therefore we may expect lower detection probabilities for

larger search area sizes.

[¢¥]

A similar sensitivity analysis 1s applied <for tu

y

other irdepenlent variables k,D and t. If we look at th
results displayed in Figurz 3.10, we may observza thLat as we
increase these variables, the detection prokabiliities
increase simultaneously. These results seem reasonaiie,
because as we increase the searcu time or detection radius,
we 2ay have more chanses to detect the target. Aiso an
increase in the D value means that the target will travel
more distance during any time interval and will thus be acre

likely toc enter the detection 4isk.
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3. Final Verification

There was no actual data available fron real life
observations. Therefore, the output of DIFSI¥ is used for
fipal verification of the model. For this purpose, combirna-
tions of the followiny independent variables wece used botk
in our analytical model and as input to DIFSIZ.

D= 40, 80, 140, 200 Nm*2/Hr
R= 2.5, 10, 20, 25 Nm

A= 4000, 8000, 12000, 16000 Nm*2

The outputs are displayed in Figure 3.,11, 3.12,
3.13. It is observed that the simulation and model prob-~
abilities are generally very close tc each other. Only
during early search hours do the simulation curves sometimes
go alkove the model «curve. This means that our model
predicts fewer detection than the diffusion simulaticn model
during the early search hours. Since this difference is at
maximum .03 or .04, we conclude that the model provides a
good fit, which gets better for larger time t. For small
t,the mcdel appears to underestimate the projability of
detection.
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Tie o Zact thet the JIFIIF rroberbility oL uetection py tirve t

cr

J.nerally eiczeds that jredicred Ly ae Lodel Ty jerts tlat

tle irstantanecus grolability of <detection gproducea by

DIFSIM cxcecds (at least in early tLours of the sizula-
tion). To test this hypothesis, DIFSIM wds run witn the
rarameters

L=130 nm2/hr
E=10 nkQ
A=13C000 nm2

Thern for each 5 hour p[period retween 0 and 80 hours, <hc

lvast sguares best fit was ckbtaired. (That is, the tost
fitting
A -2
l - (l - ) e ut

vas calculated). TIhese vaiues are plotted in Figure 2. 14,

ard appear to apzroach from above the model value of

»
2
24,7 x 100 x 10 - 0247
10000
' . . . . .
Thus, 1n tlis case at least, it agrears that the irstenta-
neous j;rotatility of detection stacts it some hijh vclue and .
decreases acyaptotically to a steady state value giver by .
’ 3
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proved ia general.

~
i

vy, 2

Iy

S

observation remnairs

Al

tc be




v A v vy v ‘.‘.I.J TOTWEN, v i Ve v Rat 0 v YT, T
R
*3 20T “SA Amc dleyd UCTIDAINg SNOAUPRUPISUT HlL*g @3anhH~ A
“ (sanoyy) y swiy
“ UH 09 or 0z 0 .
| r T Y T T T T 1 .
|
‘ oW o
o s
[N .So. g
: T P
] » lg ~..”.
el X0 e A _ - * % : — Amwd.al <
! . Q P
f ’ c
[t .
. v J
12 i .
| 19200 =_ ¥x¥x@¥=3INTVA V138 1ICON . S o
o w n
¢*WN 00001 =37Z1S VIV T
o .
| ~ c R
'WN 0} =SNIgvy NOI1D313d . = .
3
HNOH/Z*NN 001 =]NVISNOD "4410 o ‘
o 2 *
-lo Q .
LN 7] .
- AN
D 5
(% —_— i . . et . e e o ——— —_—— ,..j
= o e i € ° e e . ® =




—r—r- —— —p—— ———— o — , ————y——

: — .
. -
1
1
t .
h IV. PLOBADILISTIC ANALYLLS OF THEI 20DEL

e CULGLATIVE DETLCTION PROZXZEILITY TQNCTION

Since the fcllowing ;ropercties  for 1l cusalative

r
soleliiity function hoild for our rathertical rodel, o w:

3

rr't‘.‘“

tion (3.%), we iy arcule tiet this 1 09el alCo Cupleiownis a
cunusative density Zunction (cdl) for iiIst d2tectioi. taoe

k .
’ These froperties are

"
—

1. lim F(t)

r t—> c®

o 2 RD
linm F(t)= Lic 1-<1- —”—R>e’(~f

t—> 00 t > oo

i
-

!
——
—

'

>
—
.
O
1]
—

2.F{t) is a nondecreasirg function

If we take the the first lerivate o0f F (%) waitlh

respect to t, we get

dr(e) _{,.RD 1- _mR? | _-K——— N
=k >

since this equation always has nornegutivz values, we

pay assurme that f({t) 1s a nondecreacing farctiou.

"

3.7 (t) is a contiruous funpctior.

N .

Therefore we ray define cdi as following.

4
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Fﬂ L. LITICTICL TPICDAEILITY DENSITY FUNCIICH
Ye ocal Gerive the detostion probz2ollity longolty function

3%y, f(t), Ly taxing the £first derivetive 0f cdf with

r-syect to tice t.

[. ]((f an

TR -
TR) it (4.2)

if ve iLtegrate tils function Iroc 0 tooe we have

ﬂ(é Jt = A,s)(z-i}‘i) SEE

o] o0

2 RO
T —K——t

"
T
9
=
RS
[ _—.




Since this integration is not egual to 1, the ejration (4.2)

doesn't represent a proper density function for t.
Lopert b

C. EXPECTED FIRST DEIECTION TINE

Let F(t) denote the cumulative nondetection probability
function (cndf).

FT(t)= P(No detection up to time t)= p (T>t)
=1-P(TEt) =1-F (t)

- 2 RD
FM:( MRY) ormst 4.3
| A )¢ (43
G The following formula can be used to £find the expected
detection time E_T]J.
o0
i E(T]= f?(t) at (4.4)

]
if we suhstigpte (4.3) ir (u 4)

em:/[(l-%&i)e 5 ] dt

°
RD

KRD

R
1.5 r 2 K—=+
KA:KD (1 -5 ) e M

]

_ Al.5< [TRQ)
- KRO A

A AR
ElT]=—A - AT (4.5)
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Expected £first detection times arce displayed fo:
difrerent 2iffusion coastants (D), area sizes (M and detec-

tion radiuses (F) in Figura <. 1.

D. CONDITIONAL DETECTIION PROBABILITY FUNCTIONS

)

»

b

f

i' If we assume that there will bLe no detectiorn at the
bejinning of the search period, we may derive taoe following

4

condiiticrpal cdf.

Fo(t)=F (Detection up to time t/no det. at time 0)

»
y =P[T<4/T>0] - PLT 20.T<H]
PLT 0]

_ P[0T ]
* T PLT>0 (4.6)

T

-

! IZ we substitute t=0 in eguation (4.3), we get
¥ 2
! P(T>0)= F(0)= (1-2R (4.7

A
and

P(0KTEt)= F (t)-P (t=0)

[-0-BE) e B s

By using (4.7) and (4.8) as a dominator and numecratcr ir the

T —— vlvvrvvv'fv ,

ecaation (4.€), we h:gs
. Rz |- K ame t
. (49
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This function (4.9) rapreseats a camulativa prorability

functica o0i ar exyonential Jdistribaticr with jpararcte:

k] K-—7F3———. By using this fact, conditioral expected first
q detection time E[T, ] can Le defined as follows:
S . . Al.f

E{ T, J=E[{T/No detection at *tine 3]=—R755— {(4.19)
*ﬂ Also, we carnL writs conditional cdetection fprobability Jdensity

function £, (t) in the followinyg fora,

RO
RO kD2 ¢
L)k e A (4.1)
If we compare eguations {4.5) anl (4.10), we will
observe that,
.5 5 LS
A” AR A

KRD KD N KRD

so E[T]SE[T4])e This inejuality means that thL2 conditional

first detection time is yreater than the unconditioral fir-st
detection time. Ve can j2t this conclusion iatultively by
thinking that we have an opportunity to Jetect the target at
the Leyinniny orf the search period in the unconditiornal
case. Therefiore, for the unconditional case, ¥2 mMay ex;ect
ar. earlier first detection time tham would Le possible for
the conditional case.
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1.0

0.0 o.n

ty of Datection ty Time t
0.4

Probobil
o ﬁ 0.2
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DTFUSHL COISE.= 10D fime2/Hr
fcA= 10330 Kne2

[] ] L4 R |

T =] 0 T
Tims ¢ (Hours)

Figure 4.2

Conparison of F(t) and F, (t).
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V. IHE RESULIS AND APPLICATION

A. EXPECTED DETECTICN TIME FOR RANDOM TOUR MODEL

As we showed imn Chapter II, a diffusion tarjet gives ar
upper tcund detection probability for thLe "Mejuivalent"®
ranico tcur nodel. Therefore, the diffusion model expectel
Jdetection time, which is estimated by eguation (4.5) shoull
te a lower bound for random tour expected detecticn tinme.

That is, for
E[To)=Diffusion Model Expected Detection Time, and

E(T,)J=Fandom Tour Model Etxpected Detection Time, we
R

have

1.5

.5
A A TR
H19)*KRD ~ — KO

<

td

{Ta]

B. ONE-DIBENSIONAL DIFFUSION MODEL

In this thesis, two~dimensional diffusion motion was the
tasis for our model. The exponential type curves were used
to estipate this model's outputs. In addition to this
model, the one-dimensional Jdiffusion model is simulated by
computer prograr DIFSIMI. In this model, the target moves on
a line segment L, according to diffusion constant D. The
target's starting position is selected uniformly over this
line segment L. Detection occurs whenever the target Lits
the designated end point. The target reflects off the cther
end pcint of line segment.

The results of different simulation results are
displayed in Figure S.1. Exponential curves, which were
obtained by using the least squares estimation method, were
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used to estimate the outputs of one-3imensionial diffusion

T T e V*i"')'l'r71
-

model as we did for two-dimensional case.

So we nay expect tiaat, for three or amorz diuensional )

diffusion models, we may use exponential type curves whica

are generated by a different set of parameters. For tihree-
[ dimensional <c¢ase, these parameters can Le defined as -
F follows: )

V=Volume of the cukbical search space.

e .
P
PPV U T Y PRI PP

{ R=Radius of the cookie-cutter detection sphere.
D=Diffusion constant.

T=Detection tinme.

C. APPLICATIONS OF THE MODEL )

Our model can also be used to estimate the final detec-
tion fprolkability of a system which iacludes more than one »
inderendent sensor. As an exampie, we may use_the followinyg -
scenario:

We want to wuse n sonobouys in order t> detect a
diffusing target in an area A. Each sonobouy has a
cookie_cutter detection capatility over a disk with radius %; .
. Each sonobouy will e independetly located on the center
of a square subsearch area A;and operated for a time period ,;
t. If we make the following assumptions, we zay use egua- ' jf]
tion (3.9) to estimate the overall detection probability of
this sonobouy pattern at the end of the search p=2riod t.

()"

‘ n
- A= 2&;

e e e e
ala’a o 0

where R is the effective detection radius.

60




- e - AT iv W mN W WS TRTY - MANE S Jaes o o sl g ae e aen w e T T ———— e - = w v w

Aa v

This foraula also gJives us an uapper bound detectiorn

probability for a random tour model wnicr moves in tae saae

systen.
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APPENDIX 2
DIFSIM COMPUTER PROGRAM

In order to give access to tae logyic uased in buillian,

H the simulation models DIFSIM and DIFSI{1, a complete progranm

listing is included

in this Appendix following the list of

variakles usel in the simulation models.

Ad b b o &

1IST OF VARIABLES
REP =Number of replications. "
K
> MAX =Detection freriod as a minute. . 4
K =Radius of detection disk in nautical miles. f
) DIF =Diffusion constant D in syuare nautical miles per
-~ hour. . 4
C
SIDE=The length of the sguare search area side ir 1
, . .- T
) nautical miies. 4
h AREA=Area size A in sjuare naatical amiles. 3
4
INC =Time increment t for each discrete stap in N
minutes. o
. EROB=Probability of Jdetection i
4
POSX=X component of target position. )
POSY=Y component of target position. ;
4 DI5T=The distance between the tarjet locatiorn and tiae J
_ center of the detection lisk. ]
' IX1 =Seed number for uniform random rumber.
) Ix2 =Seed number for standard normal random varialle. ]
. 63 g
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